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Oscillation criteria for certain nth order equations of the form 
x”‘(t)+ p(t)x’“-‘l(r) +q(r)f(x(h,(t)), . . . . x(h,(t))) g(x’“-“(u(t))) =0 
are established. cc_” 1991 Academic Press. Inc 
INTRODUCTION 
This paper studies the oscillatory behavior of differential equations of the 
form 
x’“‘(t) + p(t) x+ l) (t) + dt)f(x(h,(t)), “.Y x(L(t))) dx’“- ‘Ydt))) = 0, 
t> t,. (1) 
We shall restrict our attention to those solutions of (1) which exist, and are 
nontrivial, in some neighborhood base of infinity. Such a solution is said 
to be oscillatory if it has arbitrary large zeros. Otherwise, the solution is 
nonoscillatory. An equation is oscillatory if all of its solutions are 
oscillatory. 
Recently, Grace and Lalli [l] examined the oscillatory properties of the 
functional differential equation 
x’“‘(t)+q(t)f(x(h(r))) g(x’“-“(4~)))=o, (2) 
where n is an even positive integer. They pointed out that the only previous 
reference concerning Eq. (2) with o(t) = h(t) = r is the work of [S]. In [S], 
Kamenev examined 
xcZn)(t) + a(t) f(x( t)) g(x@“- l’(t)) = 0, n> 1, (3) 
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where a(t) is locally integrable and nonnegative for t > to, and g(z) > 0 is 
continuous on (- co, co). The results obtained by Kamenev [S] and Grace 
and Lalli [ 1 ] cannot be compared, since the conditions imposed on f are 
different. In this paper, we present oscillation criteria for (1) without 
requiring n to be even, extending our results reported in [2,4] for second 
order differential equations 
x”(f) + q(t)f(x(t), x(h(t))) g(X’(dt))) = 0, t> to, (4) 
and the n th order differential equation 
x’“‘(t) + p(t) x(“- I) (t) + dt)f(x(h,(t))> ...2 xvL(t))) = 0, tat,. (5) 
Here again, since the conditions imposed on f by Kamenev [ 51 and Grace 
and Lalli [l] are different from ours, we will not make any comparison 
between the respective results. 
RESULTS 
We frequently require combinations of the following conditions on the 
functions listed in Eq. (1): 
6) p, q, hi E Uto, a), i= 1, 2, . . . . m, fe C(Rm), and f(y,, . . . . Y,) 
has the sign of yi, i= 1,2, . . . . m when they have the same sign; 
(ii) p(t)>O, q(t)>0 for t2 to, and q(t)+0 on any ray [T, 00); 
(iii) there exists a positive number c such that, 
liminf f(vl, Y2, . ..Y Ym) >c 
/ 2 
lyl- 30 Y 
where lyij 3 Iyl, i= 1, 2, . . . . m; 
(iv) h(t)=min, h,(t)< t, t>, to, and lim,,, h(t)= cc; 
(v) lim,, m J: exp( -J; p(z) dr) ds = 00 for every a 2 to; 
(vi) lim supI _ co t fy q(s)(h(s)/s) g(s) ds > c-i, where c is as in (iii); 
(vii) aeC[t,, co), with lim,,, o(t)= co; 
(viii) g E C(R), g(y) is positive, even, and nonincreasing for y > 0. 
The following new results are obtained by combining the techniques used 
in [24]. The proofs will not be given here; however, they can be found in 
an unpublished departmental technical report. 
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LEMMA 1. Assume conditions (i), (ii), (iv), (v), (vii), and (viii) hold. If’ 
forsome~>Oandb’E[O,n-11, 
s 
x 
lim sup tl’ q(s) dy > Y, f -+ % I 
then, every bounded solution x(t) of ( 1) IS oscillatory or eventually tends 
monotonically to zero. 
THEOREM 2. Assume that (i)-(viii) hold. Then all solutions of (1) are 
oscillatory for n even; and every solution x(t) of (1) is either oscillatory or 
x(‘)(t), for I= 0, 1, 2, . . . . n - 1, tend monotonically to zero as t + 03 for n odd. 
COROLLARY 3. Let (i)-(v), (vii), and (viii) hold. Furthermore, assume 
that for some /I E [0, n - 2), 
(ix) lim supr+ ~ tP Jy q(s)(h(s)/s)+‘g(s) ds > c’, 
where c is as in (iii). Then every solution x(t) of (1) is either oscillatory or 
x”‘(t), l=O, 1, . ..) n - 1, tend to zero monotonically as t + co. 
Following [6], to give another set of sufficient conditions for the oscilla- 
tion of (l), we consider the sequence of functions 
where 
b”Wh v = 0, 1) 2, . . . . tE Ctov CfJ), (6) 
so(t) = SC Iv q(s) y g(s) ds, 
r 
q(t) = jm a:-, (s) ds + jE P(S) a,- 1(s) ds + a,(t), v = 1, 2, . . . . 
I I 
and S is a constant, 0 <S < 1. 
THEOREM 4. Let (i)-(v), (vii), (viii), and 
(xl f: ds)W)ls) g(s) ds < ~0 
hold. Let there exist a constant 6, 0 < 6 < 1, such that one of the following 
conditions is satisfied: 
t 
v,=1(2Xi) h 
ere exists a positive integer v such that a,(t) is defined for 
, . . . . v - 1, but lim,, o. I:, at_ 1(s) ds = 
[xii) a,(t) 
co, or 
is defined for v = 1, 2, . . . . such that lim, _ o. a,(t) = co, 
pointwise for all large t. 
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Then all solutions of (1) are oscillatory for n even, and every solution x(t) of 
(1) is either oscillatory or x(‘)(t), 1= 0, 1, . . . . n - 1, tend to zero monotonically 
as t + 00 for n odd. 
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